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Q 

C^ , We prove the mean curvature flow of a spacelike graph in (Zi x £21^1 —gi) 

of a map / : Zi — )• £2 from a closed Riemannian manifold (£1,^1) with 
Ricci\ > to a complete Riemannian manifold (£2,^2) with bounded curva- 
\f^ , ture tensor and derivatives, and with sectional curvatures satisfying K2<K\, 

!>■ \ remains a spacelike graph, exists for all time, and converges to a slice at in- 

finity. We also show, with no need of the assumption K2<K\, that if K\ > 0, 
1^ . or if Ricci\ > and K2 < — c, c > constant, any map / : Zi — ;■ £2 is triv- 

et \ ially homotopic provided f*g2 < pgi where p = min^, Ki / supj^^ K2 > 0, in 

tJ" ■ case Ki > 0, and p = +00 in case K2 < 0. This largely extends some known 

^ . results for Kj constant and £2 compact, obtained using the Riemannian struc- 

Q I ture of £1 X £2, and also shows how regularity theory on the mean curvature 

flow is simpler and more natural in pseudo-Riemannian setting then in the 
Riemannian one. 



1 Introduction 

Let M be a smooth manifold of dimension m > 2, and Fq : M — )■ M a smooth sub- 
manifold immersed into a (m+n) -dimensional Riemannian or pseudo-Riemannian 
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manifold {M,g). The mean curvature flow is a smooth family of immersions 

Ft = F {■ ,t) : M ^ M evolving according to 

= HixA), xeM, 

(1.1) 
= Fo, 

where H is the mean curvature vector of Mj = {M,gt = F*g) = Ft{M). 

The mean curvature flow of hypersurfaces (i.e. (1.1) with n = 1) in a Rie- 
mannian manifold has been extensively studied in the last two decades. Recently, 
mean curvature flow of submanifolds with higher co-dimensions has been paid 
more attention, see ||4l[T8l|20l|2Tll2ll for example. In ll2TI . the graph mean curva- 
ture flow is studied in Riemannian product manifolds, and it is proved long-time 
existence and convergence of the flow under suitable conditions. 

When M is a pseudo-Riemannian manifold, (1.1) is the mean curvature flow 
of spacelike submanifolds. This flow for spacelike hypersurfaces has also been 
strongly studied, see [HI S [S [H and references therein. To our knowledge, very 
little is known on mean curvature flow in higher codimensions except in a flat 
space W^"^ [24]. In this paper, we partially apply Wang's approach f2T| of using 
the mean curvature flow in a Riemannian product space to deform a map between 
Riemannian manifolds, but we use the pseudo-Riemannian structure of the prod- 
uct. As a result we obtain a reformulated and largely extended version of the the 
main results in ETll and most of [|19|, to non constant sectional curvatures Ki, and 
applied to a set of maps satisfying a less restrictive condition, after using a simple 
argument of rescaling the metric in the target space E2, in a convenient way. The 
pseudo-Riemannian structure turns out to give a simpler and more natural tool 
to provide an existence result on the deformation of a map to a totally geodesic 
one or to a constant one by some curvature flow under quite weak curvature con- 
ditions. In ETI it is necessary to use White's regularity theorem Il23l , where a 
monotonicity formula due to Huisken [12J plays a fundamental role, to detect pos- 
sible singularities of the mean curvature flow, while in pseudo-Riemannian case, 
because of good signature in the evolution equations, we have better regularity, 
and therefore we require fewer restrictions on the curvatures of Ei and E2 in the 
main theorem [TTTI as well on the map / itself in theorem [L2| We also believe that 
this "pseudo-Riemannian" trick may be applied to some other geometric evolution 
equations to obtain the convergence of the flow in a more efficient way. 

Let M = El X E2 be a product manifold of two Riemannian manifolds (Ei , ^1 ) 
of dimension m and (E2,g2) of dimension n, with the pseudo-Riemannian metric 
g = g\ — gi, where T.iJ= 1,2 has sectional curvature Ki and Ricci tensor Riccii. 
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Assume M is a spacelike graph 

M = rf = {{pJ{p)):peLi} 

of a smooth map / : Ei — ?■ E2, with induced metric g. The graph map, F/^ : Ei — )■ M, 
^f{p) = (P^fip))^ identifies isometrically {M,g) with Ei with the graph metric 
^1 — f*g2- M is a slice if / is a constant map. The hyperbolic angle can be 
defined by (see til, O) 

cosh0 



^detigi-rg2y 

where the determinant is defined with respect to the metric ^1. The angle 
measures the deviation from a spacelike submanifold to a slice. If this angle is 
bounded the metrics ^1 and g — gi — f*g2 of Ei are equivalent. In this case, 
(Ei,^i) is compact iff {M,g) is so. The following is the main theorem in this 
paper. 

Theorem 1.1. Let f be a smooth map from Ei to E2 such that Fq : M ^ M is a 
compact spacelike graph of f. We assume (Ei,gi) closed of dimension m>2, 
i'^ligl) complete of dimension n> \, Ricci\{p) > and Ki{p) > K2{q) for any 
p G El, (^r G E2 and the curvature tensor R2 0/E2 and all its covariant derivatives 
are bounded. Then: 

( 1 ) The mean curvature flow (1.1) of the spacelike graph of f remains a spacelike 
graph of a map /^ : Ei — )■ E2 and exists for all time. 

(2) IflL2 is also compact there is a sequence tn — )• +°° such that the flow converges 
at infinity to a spacelike graph of a totally geodesic map, and ifRiccii (p) > at 
some point p G Ei, the sequence converges to a slice. 

(3) IfRiccii > everywhere, all thefiow converges to a unique slice. 

We observe that in (3) we do not need the compactness assumption of E2. We 
also note that the condition Ricci\ > and Ki > K2 means that at a point p G 
El, if Ki{P) < at some two-plane P of TpEi, then we have to require ^2 < 
everywhere. In case (3) the flow defines a homotopy f {^t (p) ) from the initial map 
/o = / to the final constant map /oo, where 0/ = :;ri oF^ is a smooth diffeomorphic 
endomorphism of Ei, that att = gives the identity map. We shall prove that the 
deformation process is also valid without assuming ^1 > K2. 
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Theorem 1.2. Suppose (Ei,^i) and (£2,^2) (^re two complete Riemannian mani- 
folds of dimensions m>2 and n>l respectively, Ei closed, K\> Q everywhere, 
or Riccii > and K2 < — c with c > constant, and the curvature tensor of 1.2 
and all its covariant derivatives are bounded. Then there exists a constant p > 0, 
depending only on min ^1 and on sup K2, such that any smooth map / : Ei — )■ E2 
satisfying f*g2 < pgi can be homotopically deformed into a constant map. 

The constant p G (0, +0°] can be taken equal to min^j Ki/sup'^^K2, where K2 ~ 
sup{0,^2}, in case ^1 > 0, and equal to +0° in case Riccii > and K2 < —c. 
Recall that by the Cartan-Hadmard theorem, if K2 < 0, the universal cover of E2 
is diffeomorphic to a Euclidean space, and in particular 7r„;(E2) = for all m > 0. 
If El is the m-sphere, and ^"2 < then p = +0° and the previous corollary gives a 
new proof of this classical result. 

Corollary 1.1. IfLi is closed with Ki > everywhere, K2 <0 and for all k>0, 
V 7?2 is bounded, then any map / : Ei — )■ E2 /* homotopically trivial. 

We also may apply the previous theorem to obtain a reformulated version of 
the main result in [,2 1,1 : 



Corollary 1.2. ([2T]) IfLi and E2 are compact with constant sectional curvatures 
Ti and X2 satisfying X\ > |t2| , Ti + T2 > 0, and ifdet{gi + f*g2) < 2, then Tf can 
be deformed by a family of graphs to the one of a constant map. 

The condition det{g\ + f*g2) < 2 implies Tf is a spacelike submanifold for the 
pseudo-Riemannian structure of Ei x E2. The converse may not hold, so spacelike 
graph is a less restrictive condition. In [|T9l| , corollary 1 1.2| is generalized, under the 
same constant curvature conditions, to the case of area decreasing maps that is a 
slightly less restrictive condition than of a spacelike graph f*g2 < gi. For such 
maps the eigenvalues X^ of f*g2 satisfy A,Aj < 1 for i 7^ j. Thus, f*g2 may have 
one and only one eigenvalue (counting with multiplicity) greater than or equal to 
one. If n > 2 area decreasing maps are spacelike iff the largest eigenvalue Ai is 
also smaller than one. In this case we also recover the main theorem of [[T9l . If 
E2 is one-dimensional, any map / satisfies such condition, and the result can be 
obtained from theorem II. 2[ since ^2 = holds in this case. This is a particular 
case of ^2 < stated above. 

We consider the 0-energy functional acting on smooth maps / : (Ei , ^1 ) — )■ (E2, ^2) , 
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where J/ii means here the volume element of (Ei,gi), is a symmetric nonneg- 
ative continuous function on the eigenvalues A = A? of f*g2 satisfying 0(A) =0 
if and only if A = and 0(A) < C||A||^, for some constants C, T > 0. When 
0(A) = Xf + . .. + A^j, we have the usual energy functional whose critical points 
are the harmonic maps. As a corollary of theorem 1.2 we obtain: 

Corollary 1.3. Under the same curvature conditions of {Li.gi) given in theorem 
1.2, if f : (Ei,gi) — 7- (£2,^2) minimizes the ^-energy functional in its homotopy 
class, and iff*g2 < pgi, then f is constant. 

The rest of this paper is organized as follows. In section 2, we derive the 
elementary formulae for the geometry of spacelike submanifolds in a pseudo- 
Riemannian manifold. Section 3 is devoted to spacelike submanifolds in pseudo- 
Riemannian product manifolds in our setting. Evolution equations of different 
geometric quantities are given in section 4. In section 5 we prove part of theorem 
1.1(1), and in section 6 we obtain long-time existence using elliptic Schauder 
theory and prove the existence of a convergent sequence of the flow. The use of 
the Bernstein-type results obtained in EIISl leads to theorem 1.1(2). In section 
7 we consider the particular case Riccii > everywhere, and E2 not necessarily 
compact, and prove the convergence of all the flow. In this section we also prove 
theorem [L2l and corollaries 1.2 and 1.3. 

2 Geometry of spacelike submanifolds 

Let M be an (m + n) -dimensional pseudo-Riemannian manifold, and g the non- 
degenerate metric on M, which is of index n. Denote by V the connection on M, 
and we convention that the curvature tensor R is defined by R{X, Y)Z = Vx^y'Z^ — 
S/yVxZ-V^x,y\^. and R{XJ,Z,W) = g{R{Z,W)Y,X), for any tangent vector 
fields X,Y,Z and W of M. Suppose F : M — )■ M is a m-dimensional spacelike 
submanifold immersed into M, i.e. the induced metric of M is positive definite. 
For any tangent vector fields X,Y of M and V a time-like normal vector, 

VxY = yxY+B{XJ), yxV = VJiV-AvX, 

where V is the induced connection on M, and V^V = (V^V)^ the normal con- 
nection in the normal bundle NM, and B and A are the second fundamental form 
and the Weingarten transformation, respectively, g{Av{X),Y) = g{V,B{X,Y)). 

We choose orthonormal frame fields {ei,--- ,em+n} of M, such that when 
restricting to M, {ei,-"" ,em} is a tangent frame field, and {em+ir" ,e„j-|-„} is 
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a normal frame field. We make use of the indices range, 1 < i,j,k,---,< m, 
m+\ < a,/3,---,<m + n, and 1 < a,l?, c, ■ ■■ , < m + n. Let OV" ,0™+" be the 
dual frame fields of {ea}- Then the structure equations of M are given by 

b c 

where 4>^ = jY.cj^tcd^'^ ^ ^^ ^^ '-^^ curvature forms, and 0* the connection 
forms satisfying Y.cgac%+gcbO'a = dgab = 0. Let (O" = F*0", co^ = F*e^. Then 
restricting to M, we have tt)" = 0, and Y,i tt)f A ft)' = 0. By Cartan lemma, 

« = £/r>^ /.« = /.«, (2.1) 



ft), 



J 



where hf- are the components of the second fundamental form, that is 5(e/, ej) ~ 
Y^a^ffa- Since the normal vectors are time-like, the following relations hold 

g{B{ei,ej),ea)=g{Aaei,ej) = -h". 

The structure equations of M are then given by 

dCO' = -Y.jCOjACOJ, 
dCO'j = -EfeftJ^Aftj} + ^^, 
d(Op = -Y^yfOy A(Op+Q.p, 

where V^ .e,- = Y.k Oi-{ej)ek, VJ^.e^ = "^^ «a (^7)^/3. with ftjf + ft)« = ft)f + OJ^ = 0, 
andQy = ^ J^^;7?^^ft)^Aftj',^,-7?^;e,=7?(eyt,e/)ej is the curvature form of M, and 
Qo = ^'Yj^jR'g^^O}^ /\0}\R^{ej,ek)ep =JlaR'Bk^a is the normal curvature form. 
Setting ^(ec, ed)^/, = 'La^tcd^'^ ^^ have the Gauss equation 

a 
and the normal curvature of M is given by the Ricci equation 

i 

The tensor given by VzB{XJ) = V^{B{XJ)) -B{VzXJ) -B{X,VzY) is the 
covariant derivative of B. The components of Vei^B{ei, ej) = Y^^ ^f- k^a satisfy 

£/.« ,ft)^ = dhfj - £/.,>f -£/.>} + £/.gco^«. (2.2) 

fc k k p 
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Consider R:A^TM^ L{TM;NM) the restriction of ^, defined for X, 7, Z G TpM 
and U e NMp, g{R{XJ)Z,U) = g{R{XJ)Z,U). Then the components of ^ are 
just Rf-j^ = RaijkS""' = —Raijk- Differentiating both sides of (12.11) and applying the 
structure equations we have the Codazzi equation 

The mean curvature of F is denoted hy H = trace B = Y^a^^^a, H" = Y^i^"- 
The tensor defined by VljB{Z,W) = {Vy{VxB) -V^^xB)iZ,W) is the second 
covariant derivative of B. The components of Vg^,e,5 (e,-, ej) = Ya hf, j^iCa, satisfy 

I I I I p 

Differentiation of (I2.2|) and use of the structure equations we have 

f^M - ^j.ik = Lh-R'jk, + 1:KjR'm -LhfjRlu- (2.3) 

r r ji 

In order to compute the Laplacian of the second fundamental form, we have to re- 
late the covariant derivatives (V^^^ {ej, efc)e,)", with V^^^ (e^, ekjet = YaRfjk,s^a, 
where V^ is the covariant derivative considering the connection of the normal 
bundle. We have 

a p P r 

Using Codazzi's equation (4 times), we obtain 

and so, using this equation again and the commutation formula (12.31 ). we get 

'^ij,kk ~ '^kijk ^ijk,k 

= Ki,kj + 2^ ^krR'ikj + 2^ ^riRkkj ~ 2^ ^ki^pjk ~ ^ijk,k 
r r p 

= ^kk.ij ~ ^kik, j + 1^ ^krR'ikj + 2- ^riRkkj ~ }^ ^ki^Pjk ~ ^ijk.k' 
r r p 
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Thus, 

= Y,k ( ^kLkj + HrKr^'ijk + ZrKiKjk " IjS Kfi%k ~ Rfjk,k) 

^ L^k ^^kkdj ~ ^kikj + 'LrhkrKjk + LrhyiRkjk ~ I^j8 ^ki^jijk ~ ^ijk,k) ■ 

The Laplacian of B is the symmetric A^M-valued 2-tensor of M, AB — traceV^.B, 
that is (A5(e/, e j) ) " = Efe^",^ = "^^,7"- Then we have 

iAB{e,,ej)r=Ahfj = 

= H^j + Lfc ( -RkikJ - ^?jk,k + HrhkrR^ijk + ZrKiRkjk " 1/3 Kfi^jk) 

= H-+U {H^jm.k-UR%khl-i:pR^pkh?j-URkA+L^^^^^^ 

+ HrKr ^jk - U (h^A - h^rkhfj)] + LrK. [R'kjk ' 1/3 (^f,^L ' h^h^)] 

-Y.Amjk-uh'jA-K.hi)]). 

Using the first Jacobi identity Rf.n = -R'^. -R\, and that Y.ijhfjRg- . = 0, we 
have 

-{B,AB)=ZijahrjAh?j = Ua{hfjH-j-hf^[U^jR)-, + U{^,R)-,] 

+ Lkp {^Rlkdjhfj - R%khfjhl) + Lp^jH^hf^ 
+ 2UiiRljkh?jh-+R[^,h-h-) -Uphf^hJ^flP ) 

+ Lijap [uKh^.k - hih%)f + i:a/3 {Z.jh-hlf. 
We obtain a Simons' type identity 

A| |5| |2 = 2| I V5| |2 + ^,ja2hfjH^j - Lija2hfj[U{^jm, + Lk{^kR)?jk] 

+Lijap2{Lk{^R"pk/kjh?j-R^pkh?4) +R?pjHPh-} 
+Zijkla^{R\jkhfjKi+R[ikhfjhfj)-Z.jkafi2h^^^ 

+2Uap {Uihp^jk - 4h%)y + 2la/3 (Luhfjh^jf- (2.4) 

Notice that we use 1 1 ■ 1 1 to denote the absolute of the norm of a time-like vector in 
M. 
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3 A cosh 

In this section we shall compute the covariant derivative of a pull-back of a parallel 
form in the ambient space by a spacelike immersion F : M™ —^ M. Let Q be a 
parallel m-form on M. For the orthonormal frame fields {ei,ea} in section 2, 
^(ei , ■ ■ ■ , em) is a function on M. As in [|2Tl[T5l . we shall compute the Laplacian 
of n(ei , ■ ■ ■ , em) = ^1- -ra in locally frame fields. First we have 

{VkF*n){eu---,em) = £^(ei,...,(V,e,-V^e,),...,e„) 

i 

= J2^(^i'---'^(^'t,e/),...,em). (3.1) 

Differentiating (13.11) again gives 

(AF*a)(ei, ■■■,£,„) = £^(ei,...,£(V,,5)(e^,e,-) + (V.,5(e^,eO)^,---,e„0 

;■ k 

+ LL^(^i' • • • '^(^^' ^i)' • • -^Biek.ei), ...,em) 
k j<i 

+ 1^ 1^ ^(^b • ■ ■ :5(^fc, e,-) , . . . ,5(e^, e;), . . . , e„) , 

k j>i 

where lsF*Q. = ^^ V^VkF*^ — Vy eiF*^ is the rough Laplacian. Using the Co- 
dazzi's equation L/t^i^^(^/ti^;) = '^'^■H -\- {R{ek,ei)ek)^ and that 



£g((Ve^5(efc,e,-))^,eO =£-^(5(efc,e.),5(e^,e,-)) = ||5| 



-MKOK(^k,(^i),o{ek,ei)) = ||r>|' 
ik ik 



we get in components 

(AF*^)l...„ = ^l...„||5|| +2 Y, ^aPijRpij + Y,^aiH" - Y, ^ociRkikJ 

a<j5,i<j a,i a,i,k 

(3.2) 
where //« = (V^//)«, and 

^%j = ^^1^1 - ^i^S' ^a/3u = ^(^1 , ■ ■ ■ , e«, ■ ■ ■ , e/3 , ■ ■ ■ , ^m) 

with ea, ep occupying the i-th and the j-ih positions. The same meaning is for 
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In the following we assume M = Ei x E2 is a product of two Riemannian 
manifolds (E/,g,) of dimension m and n, with pseudo-Riemannian metric g = gi — 
g2- If we denote by TZi the projection from TM onto TE,, then for any X, 7 G TM, 

g{XJ)=g,{n,{X),Ki{Y))-g2{n2{X),n2{Y)). (3.3) 

Suppose M is a spacelike graph of a smooth map / : Ei — )■ E2. For each ;? G Ei 
let Af > A2 > • . . > A^ > be the eigenvalues of f*g2- The spacelike condition 
on M means A? < 1. By the classic Weyl's perturbation theorem ll22l . ordering 
the eigenvalues in this way, each Xf : Ei — )■ [0, 1) is a continuous locally Lipschitz 
function. For each pXeis = s{p) G { 1 . . . , m} be the rank of / at p, that is, Xj > 
and Ai+i = . . . = A^ = 0. Then s < min{m,n}. 

We take a gi-orthonormal basis {a,},=i,...,m of T^Ei of eigenvectors of f*g2 
with corresponding eigenvalues A?. Set ai+m = df{ai)/\\df{ai) \\ for i < s. This 
constitutes an orthonormal system in r^/p\E2, that we complete to give an or- 
thonormal basis {aa}a^m+i,--,m+n for ^/(/?)^2- Moreover, changing signs if nec- 
essary, we can write df{ai) = —Xiaaa, where A,« = 5a.m+ih meaning = Q\fi>s, 
ox a> m-\-s. Therefore 

r('3/ + l^'^/i3«i3) /=1, •■■,'« (3.4) 



^« ^ / ' ; {aa + Y^XjaCii) a = m+l,--- ,m + n (3.5) 

form an orthonormal basis for TpM and for NpM respectively, with e,- a direct one. 

From now on we take Q. to be the volume form of Ei, which is a parallel m- 
form on M. If M is a embedded m-submanifold such that for any p E M, and a 
basis Ei of TpM, the quantity ^(;ri(£'i),- • ■ ,7ri{Em)) is non-null then M is locally 
a graph, for the later implies ;ri oF : M — )• Ei is a local diffeomorphism. This 
means F{p) = (^(p),/(^ (/>))) where ^ : M — )• Ei is a local diffeomorphism, and 
F can be locally identified with the graph F{p) = (/>, /(/>)) up to parameterization. 
The mean curvature of F does not depend on the parameterization, only on its 
image. We shall call graphs to all such parameterizations. Note that by Lemma 
3.1 of lEl, if F is a spacelike submanifold with M compact, ^ : M — )■ Ei is a 
covering map, and so it is surjective. Hence, this map / : Ei — )• E2, when locally 
defined and Ei compact, it is unique and globally defined. 

Assume M = Tf. If M is a spacelike graph, then taking the orthonormal frame 
ei as in (|3H) 

^i-m = ^(^i(ei),--- ,^i{em)) = *F*Q. = ^ = = 

n^i(l-A2) Vdet{gi-f*g2) 
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where * is the star operator in M. In this case this quantity is > 1 (assuming the 
correct orientation) and is cosh 0. We can also describe cosh 6 as the ratio between 
the volume elements of (Ei,gi) and of (Ei,g = ^i — f*g2)- If ^^ is compact, any 
other submanifold in a sufficiently small neighbourhood of M is also a spacelike 
graph. Now we compute 

2 L ^«/3,;^fc = 2 £ X,a^jpihf,hPj,-hih%)cosh0. (3.6) 

a<pj<j a,j5,k,i<j 

As for the terms containing the curvatures of the ambient space, we denote by 
i?i and 7?2 the curvature tensor of Ei and E2, respectively. We shall compute the 
curvatures ^ of M in terms ofRi and R2. Now for the tangent frame field {e,} (I3.4|) 
and normal frame field {e«} (|3.5I) . since R^-j^ = R^kikS"'^ = —^akih we obtain 

-Rkik = ^i^a:ek,ei,ek) 
= Ri{ni{ea):ni{ek),ni{ei),ni{ek))-R2{n2{ea):n2{ek),n2iei),n2{ek)) 
_ Ll^laRi (^/5 %5 «n %) —Li5,Y,d^kli^ir^kd^2iaa,cip,ay, a§) 

(l-IiAjJ(l-Af)(l-\2) 

Consider for ? 7^ j the two-planes /',j = span{ai,aj}, P-, = span{am+i,cim+j}- 
Since A,a is diagonal, we have 



^kik 



a,i,k 

cosh A? 



— V 7:; r2V7i~"^"TTr (^1 (^'' ^i' ^'' ^^') ~ ^i ^2 \^m+i, <^m+j, '^m+i, ^m+j) ) 

- ^°sheE(^A^(/,,) + ^,_ff_^^ |A:,(/^,)-«.(/t,)l) (3.7) 

Inserting (13.61) and (13.71) into (13.21) we at last arrive at 
Acosh0=cosh0{||5||2 + 2 £ X,Xjh1l+^h'J^J -2 £ XiXjlil^^h] 



k,i<j k,i<j 



+E((T4%^''-"-('--.'-)+i: (i_ff_,2) [^.('^.)-^(^)])} 

+ £Q„i//«, (3.8) 



a,! 
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where we have used the fact that the Hodge star operator is parallel. Now by (|3.1|) 
we have 6? cosh 0{ek) = cosh X^,- Xih'"j^\ which implies 

^^^^=I(I^^/^r)' = I(W/')' + 2 £ kX,h^^l^^^. (3.9) 
cosn V ^ ;■ ij^ j^ji^ 



We shall calculate 



., / , ^N cosh0A coshe - VcoshOp 

Aln(cosh0) = ^ ^ ^. (3.10) 

cosh 



Plugging (l3^ and (ll!9l) into (13.101) we have 



Aln(cosh0) = ||5||2-£A2(/^;f'y-2 £ A,A,r,+^'/.-+' 

i,fc k,i<j 



+ l((YeAl)^'"""'"i(^'-^'^ + I. (l-A/)(l-A^) [^i(^v)-i^2(i^y] ) 

+ (cosh0)-i£a«,//«. (3.11) 



a,i 



4 Evolution equations 

In this section, we shall compute the evolution equations of several geometric 
quantities along the mean curvature flow (1.1). We fix a point (jcq^^o) E M x 
[0, T) and consider {x,t) in a neighbourhood of {xo,to). We locally identify Mt — 
{M,gt = F*g)) with {Ft{M),gp^(^n^)). We take eaix^t) a local o.n. frame of NM, 
defined for {x,t) near (;co,?o)- Computations are easier considering a fixed local 
coordinate chart on M. For any local coordinate {x'} on M, we use the same 
notation as in section 3, but gij{x,t) = g,{di,dj) = dtj may not hold everywhere, 
and hf- the components of the second fundamental form 5 (x, t) are with respect to 
di and some orthonormal frame ea{x,t). That is 

dF dF 

^r/(^,0 =<?(^,^), hfjixj) = -g{B{d,,dj),ea). 

Most of the following computations are quite well known in the literature ( see for 
instance |I41[TT1|24J), but for the sake of simplicity, and since we are in the non-flat 
pseudo-Riemannian setting and in higher codimension, we reproduce them here 
adapted to our case. We define the tensor on M (depending on t) 

J^{X,Y) = ~g{B{X,Y),H) 
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and J^ij = J^{di, dj) . Using the symmetry of the Hessian of F : M x [0, T) -)■ M 

37 



( M with the initial metric go), and that V d_di = V^.^ = 0, we have 



Then, j^gij = g{V^.H,dF{dj)) +g{dF{di),'Vg.H). It follows the induced metric 
evolves according to 

is'' = - Lkra 2g''g'-m^hg = - 1,, Ig^'^g^^Mir 

for {x,t) near {xQ.to). The volume element of Mt is given by dilt = VoIm, = 
^ydet[gij]dx^^■^'^. To compute the evolution equation for djAt and for the second 
fundamental form we will assume the coordinate chart x' is normal at xq for the 
metric gt^ with di{xo) = ei{xo) orthonormal frame. Then at (xo,?o): gij = ^o- The 
next computations are at the point (xq, to). Using (14.11) 

d 1 dgick II 2 

ar \t=to Z at 

We also have 

= -g{yHydidi,ea)-g{ydd,SHea) 

= -g{ydj^Hdi + R{H,dj)d,,ea)-g{^djdiSHea) 

= -g{^dyd,H,ea)-giRiH,dj)d„ea)-g{^djdiSHea). 

Set //«. = (yl^ejH)"- Since at (jcc^o), V^.^; = then 

g(V,.V,,.H,.«) = -Hfj-UpHPhihJ, 



gi^dA^^Hea) = Uphfjgiep^Vnea 



jk 



Thus, 



^/i«. - //« + UpHl^hihJ, - JLpHpR.^jp - }4jg{ep , Vnea) 
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and using Y^ap hfjhfjg{eji,VHea) = 0, we have at {xo,to) 






Combining the above equation with the Simon's type identity (|2.4I) we arrive last 
to the evolution equation of the squared norm of the second fundamental form as 
stated in next proposition. A similar computation can be done to \\H\\^. Therefore 

Proposition 4.1. Let F : M x [0,T) ^ M be an m- dimensional mean curvature 
flow of a spacelike submanifold in a pseudo-Riemannian manifold M. Then the 
following evolution equations hold at (jcqj^o) 

d 1,9 

—dut = \\H\\ dUt 
dt 

^||//f = A\\Hf -2\\V^Hf -4\\jrf -2tracegR{dF{-),H,dF{-),H) 
|||5||2 = A\\B\\^-2\\VB\\^ + l^^^Jh-{U^jR)-, + iV,R)-^^ 

-2i:^jap (Xk{hlh% - hih%)y - 2I„,^ (X,jh^h^j?- 



Next we compute the evolution of the pull-back of a parallel m-form on M. Let 
f2 be a parallel m-form on M. Then the restriction of F*Q. satisfies the following 
evolution equation at (xo,?o) 

^(F*a(ai,---,^„0) = ^(^(F.<9i,---,F,a™)) 
= £^(<9i, ■ ■ ■ , V^//, ■ ■ ■ , d,n) + a{du- ■ ■ , -Andi, ■■■, d,n) 

i 

= £a(^i,---,ea,---,^j//«-fa(^i,---,4)£(//«)2 

a,i a 

= J^Qa/Z/f +cosh0||//||2, 
a, I 
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On the other hand we have 



d d 1 

— i2i...„ = — (i2(c'i,--- ,o',„)^ 
dt dt y/g 



-L-Q{di,---,d^)-—\\H\\^^{du---,d^) 
Vgdt ^ 

Y.^aiH'J. (4.2) 



Combining with equation (3.2) we get the parabolic equation satisfied by Q. 



\---m- 



Proposition 4.2. Let Mt be an m-dimensional spacelike mean curvature flow in 
a pseudo-Riemannian manifold M and Q a parallel m-form on M. Then we have 
the following evolution equation at (-fc^o) 

d ,, ,,T 

r\ \r\ r\ R K 

dt 

-2 ^ Q.apijR'^ij + Y, ^aiRkik- 
a<P,i<j Ci,i,k 

If M is a graph of / : Ei — )■ E2, and Q. is the volume form of Ei, then, since Ei 
is compact, for sufficiently small t, Mt is a spacelike graph, and so cos Oj is defined 
and we have the evolution equation for cosh 9 by inserting (13.111) into (14.21) 

Proposition 4.3. Let Fq : M ^ M be an immersion such that Mq is a spacelike 
graph over Ei. If each Mt is a graph Tf^ of a map /j : Ei — )■ E2 along the mean 
curvature flow of Fq for t G [0, T'), T' < T, then cosh G satisfles the following 
equation, using the frames A3.4\) and A3.5\) 

— In(cosh0) = Aln(cosh0) + 

- {||5||2-£Af (/.ry-2 £ X^Xjh^^h^'} (4.3) 

k,i k,i<j 

-I (^YZl2y^^'^^'i («'■'«') + 1 (Yn^^rrX2y [^i (Pu) -KiiPij)] ) (4.4) 
5 Short-time existence 

In this section we give the proof of the first part of Theorem 1.1(1). 
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Let x' be a coordinate chart of Ei on a neighbourhood of po ^ ^i and y" a 
coordinate chart of E2 on a neighbourhood of qo = /o (po) . Note that x' is identified 
with a coordinate chart in Mq as in section 4. In coordinates (1.1) means 

= -G{x,t)" + —Fj", a=l,...,m + n (5.1) 

where G{x, tY = Y,ijbc S'^ (^tc ° ^t) "^ "^' ^^'^ ^u ^^ the Christoffel symbols for 
the induced Riemannian metric gt of M (that depends on the second derivatives of 
Ft, what makes the system to be not strictly parabolic) and T^^. the ones of M, in 
the coordinates charts x' and w" = {x\y") respectively. 

Since F = Fq is a spacelike graph of / = /o : Ei — )■ E2 we recall that in [fTTll . 
following |fT6ll . we have proved that for Z, 7 G T^Ei , 

B{X,Y) = {V],Y -VxY,df{V],Y -VxY)) + {0,Hessf{X,Y)) 

= {O.HessfiXJ))^, (5.2) 

H = {Z,df{Z)) + {0,W) = {0,W)^ 

where Hessf is the Hessian of / with respect to the Levi-Civita connections V 
of (E,-,g/), W = tracCgHess f, and Z is the vector field on Ei defined by g{Z,X) ~ 
g2{W,df{X)). From the above expression of B we have observed in fil5il that 
Tf is a totally geodesic submanifold of M iff / : (Ei,gi) — )■ (E2,g2) is a totally 
geodesic map. To see this, we have from (15.21 ) and using the frames (13.41 ) and 
(13.5k for M G Tq{'L2), u = Y.a^"^a, 



; 1 — A; ; 1 — A; ^-^T.^ 



Using these frames we also see that n\ : TMp — ;■ T^Ei and n2 : A^M^ — )■ 7/(p)E2 
define isomorphisms. From (15.21) . 

Ifc((rl)f^. - rf^.)4 = ^1 (5(^„ ^,)) = L, j^^Hessf{d„ ^,)^+™a,. 

(5.3) 
We also note that if A? < 1 — 5 for all /, the Riemannian metric g on Tipjip\\M 
defined by declaring an orthonormal basis e,-, Ca given by (|3.4I) (|3.5I) . that is, g = 
^ij-p — ^|j,p X, is equivalent to the Riemannian metric g^ = g\+ gi of M with 
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c{5)g-^- < g < c'{5)g^ along Tf, where c{d),c'{5) are positive constants that 
only depend on 5. 

If iv : Mo = El ^ M is a graph, iv(p) = mp)Jt{Mp))), where <^f : Ei ^ Ei 
is given by ^t{p) = ^iiFt{p)) and satisfies ^o = Id, then (1.1) means -^ = Zt, 
-Jf —Wi, (po = Id, and /f=o = /o- In particular, ft satisfies the evolution equation 

-Jf = Wt = trace g^Hess ft, 
ft^o = /o, 

where the Hessian is w.r.t the initial metric ^i of Ei and the trace with respect to 
the graph metric ^/ = ^i — ft*g2 of Ei . This system is strictly parabolic. 

Now we assume Ft satisfies (1.1). We identify Mq = Fq{M) with the graph 
Fy-Q : El — )■ M. We also remark that using the trick of DeTurck (see page 17 of 
ll25l ). as in the case of hypersurfaces in a Euclidean space, by reparameterizing 
F as F{p,t) = F{pt{p),t) where pf : Ei — )■ Ei is a convenient (local) diffeomor- 
phism, (1 . 1) is equivalent to a system of strictly parabolic equations. For existence 
of short time solutions one can follow the approach in [|7l[T4l of isometrically em- 
bedding E, into Euclidean spaces R^', but considering the Riemannian structures 
on M and M^' +^2 ^ and linearizing the above parabolic system to prove existence of 
a local solution. As we will see in next section, the tensor fields involved, namely 
V^5 are bounded both for the pseudo-Riemannian and the Riemannian structure 
of M. Since Ei is compact one has: 

Proposition 5.1. A unique smooth solution of (1.1) with initial condition Fq a 
spacelike graphic submanifold exists in a maximal time interval [0, T) for some 
T>0. 

Let T' <T such that for all t < T' , Mf is an entire spacelike graph Yf^, and cosh0 



is bounded from above, that is cosh0 = l/A/n^'li(l — ^f) < A for a constant 
A > 1 . This is equivalent ioXf <l — 5 for some 5 > and any I <i<m. We set 

Tjt : = max cosh 6. (5 .4) 

M, 

Now we prove part (1) of theorem 1.1 

Proposition 5.2. T' = T, that is cosh 6 has a finite upper bound, the evolving 
submanifold Mt remains a spacelike graph of a map f : T^i ^^ E2 whenever the 
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flow (1.1) exists. In particular ff*g2 and \\dft\\^ (norm with respect to the initial 
metric g\ ofLi) are uniformly bounded and the Riemannian metrics gt on Ei are 
uniformly equivalent. Moreover 



for some constant cq > 0. 



rT 

I sup ||//f|pJr < Co 
Jo y. 



Proof. Let t < T' . Note that A/Aj < 1 — 5 for any i and j, and Xt = for / > 
min(m, n). For the second fundamental form, we have 

i,k,j i<j-k i,k 

where we keep in mind that h'H '^ = when m + j > m + n. Therefore we can 
estimate the terms in the bracket of (14.31) 

i,k k,i<j 

{i<j,k i,k 

-(i-5)i(^ry-2(i-5) £ i/.:rii/^';+i 

i^k k,i<j 

> S\\B\\^. (5.5) 

On the other hand, since Ricci\ > and ^i (p) > K2{q), (|4.4I) is nonpositive. Thus 
by Proposition 4.3, ln(cosh0) satisfies the differential inequality for all t <T' 

— In(cosh0) < Aln(cosh0) -5||5|p < Aln(cosh0). 
According to the maximal principle for parabolic equations, we have fors>t 

Vs <rit< Vo- (5-6) 

Assume T' < T. Then Fji is defined, and from F*Q.ijn > 1, for all t < T' we 
obtain the same for t = T' . Then Fji is a graph of a map fj'. From (15.61) we have 
for all T' >t>Q, Xf{t) < 1 and 

i-Af(o>n(i-^'w)>i>4 

(■ 'It '/o 
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and so the same also holds for t = T', what proves that fp defines a spacelike 
graph Fj-i. Thus, we may take T' = T. Therefore, Ft{p) = {^t{p) ■, ft{^t{p))) 
with 0/ : El — 7- El a covering map homotopic to the identity, and so of degree 
one, and necessarily orientation preserving local diffeomorphism, what implies 
(^t is also 1-1. Now it follows that g, are all uniformly equivalent and d^t is 
uniformly bounded in Ei x [0, T). From proposition 14.11 J/if = eioll^'ll ''"^dilQ, 
and so sup^^ /q ||//.5|pJ5 < cq, for some constant cq > 0. If we take ps G Ei such 
that II/Z^jIKjc^) =max£j ||//,5||, then we have /q \\Hs\\^{ps)ds< sup^^ /q ||//i.|p<i5'< 

CO. □ 

We will need the following lemmas: 

Lemma 5.1. [^ Let f be a function onM x [0, T]] satisfying 

for some constants a, Z? G M. Then we have / < ^ + ^ everywhere on M x (0, Ti], 

Lemma 5.2. /|21/ Let Hi be a compact Riemannian manifold and / G C^ (Ei x 7) 
where J is an open interval, then /max(0 = max^j /(■,?) is Lipschitz continuous 
and there holds a.e. -^^ (t) = -£{xt,t), where Xt gLi is a point which the maxi- 
mum is attained. 

The Riemannian metrics g = gijM, " S\tm^ ^^ ^ defined along the flow are 
uniformly equivalent to g^. Therefore, if t/ is a vector field of M defined along 
the flow, and if U is normal or tangential to the flow, that isU = U^ or U = U^ , 
then U is uniformly ^-bounded if and only if it is uniformly ^+ -bounded. Hence, 
any vector field U with U^ and U^ uniformly ^-bounded, is also uniformly ^4-- 
bounded. 

Proposition 5.3. ||5||, ||-H^||, \\yB\\, and \\VH \\, for all k, are uniformly bounded 
as long as the solution exists. Furthermore ||5||g^, ||V 5|||^ and ||V //||g^ are 
uniformly bounded as well. 

Proof. In our case E,- are of bounded curvature tensors and their covariant deriva- 
tive. By proposition l5.2l e, and Ca given by (13.41) and (13.51) are uniformly bounded. 
Thus, the terms in the expressions in Proposition 4. 1 involving the curvature tensor 
R are bounded. It follows from Proposition 4. 1 , for some constants ci , C2, C3 > 0, 

— \\B\\^<A\\B\\^ + ci\\B\\+C2\\B\\^--\\B\\'^<A\\B\\^--\\B\\^ + C3, (5.7) 
dt n n 
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where we have used some elementary geometric-arithmetic inequality 

a,j8 ij a ij i.jM ^^ 

Then applying Lemma 5.1 to (|5.7I) . ||5|| is uniformly bounded. Then we proceed 
as in nil IB [M [m [HI [H [m to prove boundedness of ||V^5||, using an inter- 
polation formula for tensors. We note that all terms including the curvatures of 
ambient space are of lower orders of the second fundamental form than the main 
part. Since V^H = traceS/^B we obtain uniform boundedness for V^// for all 
k>0. y^B is the fc-order covariant derivative of B using the normal connection 
V^ of NM. Now we prove boundedness of V^5 in TM for the Riemannian struc- 
ture ^_|_ = ^1 + g2- For k = 0,hy the first equation of (15.31 ). uniform boundedness 
of ||5|| and of A/ implies uniform boundedness of \\Hessf\\2- It follows now by 
second equation of (15.31) we get uniform boundedness of || ;ri (B) \\ i and of F^-. In 
particular ||;r2(5)||2 is also bounded, and this proves uniformly boundedness of 
\\B\\g^. For A: = 1, we have V^ 5(<9,-, ^^0 = (V^ 5(^/, dj)^ + VgB{d„ dj) and so 

apir 

that is, ||V5||? = ||(V5)^||2 + ||V5||2 < C22||5f + ||V5||2, with C22 > a con- 

stant not depending on t. Thus, VB is uniformly ^-bounded and so g^ uniformly 
bounded. Inductively we obtain the same for higher order derivatives. D 

Corollary 5.1. f*g2 and F^- and their derivatives are uniformly bounded. 
Proof. Uniform boundedness of ||V''5||g implies by (15.21) and proposition 15. 2[ 



inductively on r > 0, uniform boundedness of V^ F^- and of \\V^Hessf\\ . Since 



^dfg2{d,,dj)=g2{Hessf{dsA)M{dj))+g2{df{di),Hessf{ds,dj)) 
we obtain the uniform boundedness of f*g2 and its derivatives. D 

6 Long-time existence and convergence 

It is well known that if ||5|| is uniformly bounded then the mean curvature flow ex- 
ists for all time. This is well known for hypersurfaces, as in the above references. 
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and for the case of flat ambient space. For non flat space and higher codimension 
in the Riemannian case see EIHfTSl). This holds as well in our setting. For the 
sake of completeness we will apply Schauder theory for elliptic systems to prove 
long-time existence and a condition for the convergence of the flow at infinity. 

We are assuming (Ei,^i) compact and (£2,^2) complete. In this section we 
consider M with the Riemannian metric g+ = gi + gi and we may embed iso- 
metrically E,- into an Euclidean space M^', and consider M^, N = Ni + N2 with 
its Euclidean structure. Note that M is a closed subset of M.^ , and so if ^ C M^ 
is a compact set for the Euclidean topology, then ^ fl M is a compact set for 
{M,g+). Then we follow as in [fT4l . For each < c < 1 and k < +0° in- 
teger, the spaces C^+'^(Ei,M) are endowed with the usual C^+'^-Holder norms 
(well defined up to equivalence using coordinates charts). C^+'^(Ei,M) is a Ba- 
nach manifold with tangent space C'^+^(Ei,F"irM) at F G C^+^(Ei,M). These 
spaces can be seen as closed subsets of C^+'^(Ei,]R^). We consider Ft a solution 
of (1.1) with initial condition Fq = Tf^. Then Ft satisfies the parabolic system 
15. 1[ Set Uij = g^-^{x), and bk = Ylijg'-^^ui^)- From the computations in section 
4, propositions 5.2 and 5.3, and corollary |5. 11 we have that a,j, bi, -^ciij, -^bij 
(as well ^fl/y and ^bij as one can easily check) are uniformly bounded in Ei, 
and so a,j and bk are uniformly C^ -bounded in Ei. Note that if a vector field 
y of M along the flow, is C^{Li,F^^TM) -uniformly bounded for g+, then it is 
also in M^. The same conclusion for the higher order Holder norms. Note also 
from proposition 5.2, ||<i/f|P is uniformly bounded, and so ||-3]^|||+ is uniformly 
bounded. From uniform boundedness of ||5|| and of F^ established in corollary 
15.11 and that ^^ ^° = B{di,djY -\-'^kT^^-{x)^j^, we have uniform boundedness 

°^ ll"^llc'^(Si,R'^)- ^y elliptic Schauder theory (see [14J p. 79 ), we have that a 
solution Ft of (5.1) satisfies for each t 



||F(-,Ollci+'^(Ei,M) <C4(||G(-,?)IIl"(Zi,RW) + II^IIl~(Zi 

Herec,-,/ = 0, 1,... are positive constants not depending on L Since ||iy||c«:+(T(£j 
is uniformly bounded, we have 

Proposition 6.1. Let Ft be a solution of (1.1) for t G [0,r). If ||^(-,OIIl~(Zi,m) 
is uniformly bounded then \\F{-,t) ||c2+'7(z,,m) ^^ uniformly bounded for t G [0, T). 
Using the uniformly boundedness of ||V^5|||^ we conclude uniformly bounded- 
ness of \\F{-,t)\y+i+<yr^My 



Li and Salavessa, Mean curvature flow of spacelike graphs 22 

Corollary 6.1. T = +0° and there exists a sequence tn — > +°° such that sup^^ \\Ht„\\ 
-^ 0, when n — )• +00. Moreover, if sup f^Y.id2{ft{p),fo{p)) < Q uniformly for 
t G [0, +°°), where cg > is a constant, then f^ — )■ foo when n — )■ +00, where 
/oo : El — 7- E2 is a smooth totally geodesic map defining a graphic spacelike totally 
geodesic submanifold. Furthermore, ifRiccii{p) > at some point p G Ei, then 
foo is constant. 

Proof. Note that Ft{p) is a curve in M with derivative Hf. Let J be the distance 
function on (M, ^+) . We have a uniform bound ||//f ||^_|_ < C9, for a constant C9 > 0, 
and from (1.1), ioxt>s 

Ft{p) = F,{p) + J H,{p)dT and d{Ft{p),Fs{p)) < j\\H,\\g^dx. (6.1) 

Assuming T < +00 we have ||^f IJL^fZi.R'^) uniformly bound for t G [0, T). There- 
fore, by proposition 6.1, ||^(-,0llc2+«^(Zi M) ^^ uniformly bounded. We take a 
sequence t^ ^ T . By the Ascoli-Arzela theorem we may extract a subsequence 
tn — )■ r oitM, such that F{-Jn) converges uniformly to a map F(-, T) in C^(Ei,M), 
with ?„ — )■ r. This also implies F{-,t) converges uniformly to F(-,T) when t —^T. 
To see this we only have to note that for d{Ft,FT) = sup p(^Zid{Ft{p) ,Ft{p)) or d 
defined from the 2-Holder norm, the following inequality holds: 

J(iv,Fr) < J(F„F,J+J(F,„,Fr) <ciok-r„|+J(F,„,iY), (6.2) 

where cio > is a constant, and in the last inequality we used proposition 5.3. 
We note that Ft is smooth, by using, by induction, higher order Schauder theory 
to sequential subsequences of /v^,, and finally a diagonal one. Following the same 
reasoning as in the proof of proposition 5.2, Fj is a spacelike graph of a map 
fr G C°° (El , E2) , and consequently we can extend the solution Ft to [0, T + e) for 
some e > 0, what is impossible. This proves T = +0°. It follows from proposition 

5.2 that 

/■+" ,, .,y 

/ SUp||i/f|| <Ci2, 

Jo Zi 

for some constant C12 > 0. Consequently there exist t^ — )■ +°° with sup^j ||//r^ IP ^ 
0. Assuming f lies in a compact set of E2 we are assuming ||iv ||/^~(£j m) ^C uni- 
formly for t G [0, +°°), what implies, as above in this proof, for ?„ subsequence of 
%, Ft^^ converges to a map Foo G C^CLi^M) when n — > +0°, with F^ a spacelike 
graph of a map foo G C°°(Ei,E2). Now Foo must satisfy sup^j ||^oo|p = 0, that is 
Tf^ is maximal. From the Bernstein results in |l2l[l5]| we conclude Tf^ is a totally 
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geodesic submanifold, or equivalently, / : (Ei,^i) — )■ (£2,^2) is a totally geodesic 
map, and if Riccii > somewhere, then /oo is a constant map. D 

So we have proved parts (1) and (2) of theorem 1.1. 

7 The case Riccii > everywhere 

Next we assume i?/ccii > everywhere, and prove the last part (3) of theorem 11.1 [ 
giving a particular version of the proof of theorem [TTTJ with no need of using the 
Bernstein theorems obtained in [2, 15J, but with a direct proof of convergence at 
infinity of all flow to a graph of a constant map. 

Lemma 7.1. If Riccii > everywhere, then for rj given in d5.4D . 

l<TJ2<l+Cl6e-2-'5^ (7.1) 

Af(p,0< , "^'"'Xn V/. (7.2) 

for some constants Ci5,ci6 > 0. Thus 7]? — !■ 1 when t — )• +oo. 

Proof. The assumption on the sectional curvatures of Ei and E2 in Theorem 1.1 
with the further assumption Riccii > everywhere guarantees that for each i fixed, 

for some constant C14 > 0. Then we have by Proposition 4.3 and the proof of the 
first part of Theorem 1 . 1 (see (15.51) ) 

— In(cosh0) < Aln(cosh0) -ci5 J^Af, 
for a constant C15 > 0. Now recall that A, < 1 and 

i i i<j i<j<k 

By induction on m we see that 

l<i<m l<i<m l<;<m— 1 
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We therefore have, cosh"^0 = n^l - ^l) > 1 -Li^l- It follows that for the 
positive constant C15 

— ln(cosh0)<Aln(cosh0)+ci5 I ^ 1 ) . (7.3) 

at Vcosh^e / 

If there exists a time to such that r/ = 1, then M^g is already a stable solution. So 
without loss of generality, we may assume r] 7^ 1 . In view of (17.31) and lemma 5.2 
we have 

<C15 



dt - '-"y T] 

and so 1 < 7]^ < 1 +ci6e^^''i5? where ci6 = sup^^ cosh^ 0o — 1- Consequently, 

n 

Proposition 7.1. IfRiccii > everyw/zere, ?/zen /j //e5 /n a compact region oflL\ 
and ft C^ -converges to a unique constant map when t — )■ +00. 

Proof. Set £{t) = ci(,e-^''^' and 5{t) = 1 - £{t). By (D, Af < e(r). On the other 
hand, from (15.51) 

i,k k,i<j 

It follows from Proposition 4.3 that 

— coshe < Acoshe-5(t)coshe\\B\\^. 
dt ~ 

Set f) =cosh0. We have by (3.9) ||VTi|p < e{t)f]'^\\B\\^ . Let /?(?) be a positive 
function not less than 1 of t, and ^ = T]''! |5| p. We have 

dt dt T] dt 

-„dp. _ _„ , d _ 

< f\P -^\nf\ + pf\P^^ {Af\ - 5f\\\B\\^) 

= f\P^\nf\+Af\P-p{p-l)f\P-^\Vf\\^-pdf\P\\B\\^ 

< f\P^\nf\+Af\P-p8f\P\\B\\^, 

dt 
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and using (|5.7I) 



'^D^P 



-r<P < {f}P-l-\nf)+AfiP-pdriP\\B\ 



dt 



dt 



\B\ 



+f7^(A||5||2 + ci||5||+C2||5||^--||5||4 

n 

A^ -2f\-PVf]PV ^ + 2f]-P\Vf\P\^\\B\\^ 
+f\P 



ci||5|| + (^lnfi+C2)||5|p-(p5 + -)||5|r 
at n 



Now27i-P||V?7P||2||5||2<2p2e7^P||5||4^andwehave 



— (* < M-if\-pyf\py^ 

dt 



+f\^ 



c,\\B\\ + Anf]+C2)\\B\\^ + {2pH-p5--)\\B\\'' 
at n 



= A^~2f\-PVf\PV^ + f]-P{2p^£-p5--)(^'^ 

n 

-£j.i ,dp ^ _ .^ 
+ci77 2(^2 + ( In77+C2)0. 

Setting I// = e^'^'is'^^^ then i// satisfies the evolution inequality 
d 
dt 



— V/ < A\j/-2fi^PVfiPV\j/ + e^^''^'fi^P{2p^£-p5--)\j/^ 

ir,.t-P I ,dp, _ 1 , 

+cie4^i5^r] 2Xj/2 + {^\nri+C2 + -C15 V^. 
dt 2 



Taking j3^ = ^, that is, 



Pit 



ffClst 



fncl 



and using that ln( 1 + a) <a for all a > 0, we obtain In 77 < ^e 2'^l5^ It is easy to 
check that 

(l + ci6e"2ci5?)| = {X^cx(,e~^^^^'y^^^ ^\, as f ^ 00, 
what implies \>y\P> C13, for some constant C13 > 0. Therefore 



— 1// < A\^-2f\^P^f\P^\^- "'!lJ_ e^^''^'v/^ 



2V" 



1 

— t 

2 
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and by choosing Tq large enough such that for t >To one has 5{t) > j and 

■X]/ < Ai/A-2f7-^Vf7^Vi/A-ci7|e5ti5>2_g^i5y3_,^\ (74) 



dt 



for a constant c\i > 0. 

Claim: When t >To,\ |5| p < cige^'''' for some positive constants C19 and T. 

We prove the claim. For any to E [Tq,+oo), we consider for each t E [TqJq] a 
point Xt such that i//(xr,?) attains its maximum V^max(0- Since V/max is a locally 
Lipschitz function on [Tq, to] , we may take ti E [Tq, to] a point where this maximum 
is achieved. If ti = To, we have done. Thus we may assume t^ > To. At (xi,?i), 
|- 1// > 0. Thus from dLl) at {xt^ , 



Av^ < 0, Vi// = and 1-1// > 0. Thus from dLl) at (xt^^ti). 



^^cyst■^^2 _^^cyst■^^2 — i//< 0. 



1,..,. -T - , 1, 



Let ^f{xt^ , ?i) = v/v/(x;j,?i). Then, e^-^is'i \]/^-\]/< gi'^is^i , what implies at {xt^ , ?i) 

Thus, there is a constant ci8 > that does not depend on to, such that \[f{xt^ , ^1 ) < 
C18. Therefore, 

maxVA= v/-(xfo,?o) < V^(^fi,?i) < cfg- 

Then for a constant C19 not depending on ^o and t, max^^, 1 1^1 1 — '^19^ 2'^i5'o. 
Since to is arbitrary, we prove the claim. 

By the claim, we have the estimate of 1 1//| | 

||//||2<£i9^-«_ (7_5) 

m 

By (17.51) and (16.11) . we have d{Ft{p),Fo{p)) < C20 for a positive constant C2o- 
Therefore iv(j9) lies in a compact region of M. From the proof of corollary 16. 1[ 
Ff^, converges uniformly to a limit map F^o for a sequence ?„ — )• 00. Moreover Foo is 
a spacelike graph of a map /oo. By (17.21) /oo = constant. Now we prove the limit 
is unique. Following the proof of corollary 16. 1[ in (|6.2I) we have in this case 



d{Ft,F^) < 



\tl max"'^ 



+ d{F,„,F^) < ^-^\e-''-e-''"\+d{F,^,F^) 
m 
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and the right hand side converges to zero. This implies Ft to converge to Foo in 
C°°(Ei,M). To see this, note that if there exists t^ — ?• +°° such that d(Ft^,Foo) > 
C30, C30 a positive constant, where d is the distance function relative to the C^- 
Holder norm, then, extracting a subsequence r„ of tj^ with iv„ converging in C^ (Ei , M) 
this sequence must converge to Fc„, leading to a contradiction. By induction we 
prove Ft converges to Fo^ in C^, for each k>0. D 

Proof of theorem 1.2. We consider the pseudo-Riemannian product space M = 
El X E2 equipped with the pseudo-Riemannian metric gi — g'2, g'2 — P~^g2 for 
a constant p > 0. The spacelike condition for / means f*g2 < pgi. The cur- 
vature tensor R' of g'2 satisfies i^'jl^'T',^'^') = PM^J^^J)' where X' = 
^X and Y' = y/pY. If Ki > 0, then i^i > K'2 is satisfied if we assume p < 
min^j ^i/sup^j ^2^- If ^2 < we may take p = +0°. If i?iccii > and K2< —c < 
0, we may take any p > max^j K^ /c, where K = max{— ^,0}, and in particular 
p = -(-00. Then we are in the conditions of theorem 1 . 1(3). D 

Proof of corollary 1.2. Under the assumptions, Y^iXf + 1 < 11,(1 + Xf) < 2. 
In particular, Tf is a spacelike graph for the corresponding pseudo-Riemannian 
structure of Ei x E2. D 

Proof of corollary 1.3. We assume / minimizes the ^-energy functional. Let f 
given by theorem 1.2. From (7.2) of lemma 7.1 and the assumptions on 0, we 
have E(j,{f) < liminf£'^(/j) ~ E^{f 00) — 0, when t — )• +0°. Thus, £'^(/) = 0, and 
so / is constant. D 

Remark. We note that when E^ is the usual energy functional of/ corollary 1.3 
can be obtained using a simple Weitzenbock formula. Since / is harmonic 

^\\dff = ||VJ/f + £A2 {K,{P^j) - X}K2{P;^)) 

that under the curvature conditions of theorem 1.2, ^1 > K2 with K\ > 0, or 
Riccii > and K2 < 0, we have A||<i/|p > 0, what implies \\df\\, and so by the 
above equation / is totally geodesic, and if Riccii > at some point, then A, = 0, 
that is / is constant. So, the corollary is mainly interesting for not the square 
of the norm. But this argument also shows that the curvature condition i?/cczi > 
with ^2 < is the expected one, since in this case, it is well known [7], that any 
map / : El — i- E2 is homotopic to an harmonic map, and so, under the condition 
Riccii > 0, necessarily to a constant one. 
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